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SARASON CONJECTURE ON THE BERGMAN SPACE 

ALEXANDRU ALEMAN, SANDRA POTT, AND MARIA CARMEN REGUERA 

C*~) ■ Abstract. We characterise bounded Tocplitz products on the Bergman space in terms of 

test functions by means of a dyadic model approach. We also present some results about 
two-weighted estimates for the Bergman projection, and a counterexample to the extended 
Sarason conjecture for Bergman space. Finally, we introduce the class -Boo and give sharp 
qi estimates for the one-weighted Bergman projection. 
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Hilbert space L 2 (U),dA). Likewise, the Hardy space H 2 (T) is the closed subspace of L 2 (T) 



^t 



X 



1. Introduction 

Let dA denote Lebesgue area measure on the unit disc D, normalized so that the measure 
of D equals 1. The Bergman space v4 2 (B) is the closed subspace of analytic functions in the 



consisting of analytic functions. 

The Bergman projection Pg, given by 



J iC J, dA(Q, 



■Mi-C*) 2 

is the orthogonal projection from L 2 (B, dA) onto A 2 (D), while the Riesz projection Pr denotes 
the orthogonal projection from L 2 (T) to H 2 (T). For each function / e L 2 (©) we have the 



densely defined Bergman space Toeplitz operator TV on A (D), given by 



g : t s u = p B f U . 



In the same way, given / G L 2 (T), the Hardy space Toeplitz operator 7/ on H 2 is given by 

T f v = P R fv, 

where u and v are suitable elements in A 2 and H 2 , respectively. 

For analytic /, it is easy to see that both the Bergman space Toeplitz operator Tf and the 
Hardy space Toeplitz operator 7/ are bounded, if and only if / is a bounded function on D. 

In this paper, we shall study the question as to which pairs of functions f,g 6 A 2 (ID) give 
rise to a bounded Toeplitz product operator 

T f T* : A 2 (©) -> A 2 (D). 
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2 A. ALEMAN, S. POTT, AND M.C. REGUERA 

This questions has a rich history and interesting connections to Harmonic Analysis, as we 
outline below. 

Sarason [43] conjectured the following: 

Conjecture 1.1 (Sarason Conjecture for the Bergman space). Let f,g E A 2 (V>). Then TfT* 
is bounded on A 2 (D), if and only if 

(1.2) b ftg :=supB(\f\ 2 )(z)B(\g\ 2 )(z)<oo, 
where B denotes the Berezin transform, 



;i-3) Bf(z) = [ m{1 l f )2 dj 

Jb 1 - Cz 



c*i 4 

Likewise, he conjectured the following for the case of the Hardy space: 

Conjecture 1.4 (Sarason Conjecture for the Hardy space). Given f,g £ H 2 (T), TfT* is 
bounded in H 2 {T) if and only if 

(1.5) su P P(|/| 2 )(^(M 2 )( 2 )<oo, 

where V denotes the Poisson extension. 

Both in the Bergman space and the Hardy space case, these questions are closely connected 
to very interesting questions in Harmonic Analysis, namely two-weight estimates for the 
Bergman projection, respectively the Riesz projection. 

Cruz-Uribe observed [8] the following commutative diagram in the case of the Hardy space: 

H 2 (T) — > H 2 (T) 

Mg i Mf 

Pr 

L 2 (^,T) — > # 2 (|/| 2 ,T) 

Here, Mg, Mf on the vertical sides denote multiplication with the respective symbols, and 
these operators are isometric by definition of the weights. A similar argument can be made 
for the Bergman space, 

TfT; 

A 2 (B) — >■ A 2 (B) 



Pb 

2/ 1 



M- q 

£ 2 (^,D) -► A 2 (\f\ 



M f 



1.8) P R :L 2 (T,— )^L 2 (T,|/| 2 ) 
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again with isometric operators on the vertical sides. One can thus see easily that the top row 
of each diagram is bounded, if and only if the bottom row is bounded. 

Hence the question on the boundedness of Toeplitz products can be translated to the 
problem of boundedness of the two-weighted Bergman projection 

(1.7) P B :L 2 (B,^)^L 2 (B,\f\ 2 ) 

\g\ 

respectively boundedness of the two-weighted Riesz projection 

1 

1.9 1 
in the case of the Hardy space. 

This connection motivated the Sarason conjectures 1.1, 1.4 above. Namely, condition (1.2) 
is the natural two-weight form of the Bekolle-Bonami condition B 2 for a weight function w 

on©, 

sup B(w)(z)B(w~ 1 )(z) < oo, 

which is equivalent to the boundedness of the one- weighted Bergman projection 

(1.9) P B : L 2 (B, w) ->■ A 2 (D, w), 

and also to the boundedness of the maximal one-weighted Bergman projection 

(1.10) P^ : L 2 (B, w) -> L 2 (D, w), 
where 



Jb 1 — 



/(C) 



;dA(Q 



(z\ 2 

(see [5]). In the same way, (1.5) is the natural two-weight form of the invariant Muckenhoupt 
condition A 2 for a weight function v , 

supP(w)(2)P(tr 1 )(2) < OO, 

which is equivalent to the boundedness of the one-weighted Riesz projection 

(1.12) P R :L 2 (B,v)^L 2 (B,v), 

or equivalently, the one- weighted Hilbert transform H [17]. 

The problem of classifying those pairs of weights (p, v) for which the two-weighted Riesz 
projection 

(1.13) P R :L 2 (D,p)^L 2 (B,v), 

or equivalently, the two-weighted Hilbert transform is bounded, is a famous problem in 
Harmonic Analysis. For a long time, it was conjectured that a version of (1.5) for general 
weights (p,v), the joint invariant A 2 condition 

(1.14) supP(w)(2)P(p~ 1 )(^) < (X) 

zeo 
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characterises (1.13). This would in particularly imply Sarason's conjecture on Hardy spaces. 
However, F. Nazarov disproved both this conjecture and the Sarason conjecture 1.4. in 1997 
[32]. The two- weight Hilbert transform problem, the problem of characterising boundedness 
of (1.13), has been the subject of intense recent research activity, see e.g. [36], [35], [26], [25], 
[22] and the references therein. 

Sarason's Conjecture 1.1 for Toeplitz products on Bergman spaces, in contrast, is still 
open. It also has a natural version for general weights, namely 

Conjecture 1.15 (extended Sarason Conjecture for Bergman space). Let a, w be two weights 
in D. Then the joint B 2 -condition holds, i.e., 

(1.16) sup B(w)(z)B (a' 1 ) (z) < oo, 

if and only if 

(1.17) P B :L 2 (B,a) -> L 2 (B,w) 
is bounded. 

The purpose of this paper is to give a characterisation of bounded Toeplitz products on 
Bergman space by means of natural test function conditions, and to shed some light on the 
relation to the joint -E?2-type condition. Our main results can be summarised as follows: 

Theorem 1.18. Let P B {-) be the maximal Bergman projection on the disc D, and let f,g £ 
A 2 (B>). The following are equivalent 

(1) T f T* : A 2 (B) i-> A 2 (B) is bounded; 

(2) P B (\g\-) ■ L 2 (3, \g\ 2 ) -)• L 2 (D, \f\ 2 ) bounded; 

(3) P£(\g\-) : L 2 (B, \g\ 2 ) -> L 2 (D, |/| 2 ) bounded; 

(4) (a) \\\f\P^(\g\\g\l Ql )\\^<C \\\g\l Ql \\ L 2, 
(b) \\\g\P^\f\\f\l Ql )\\ L2 <C \\\f\l Ql \\ L2 , 

for all intervals I £ T and with constant Cq uniform on I . 

Here, the first equivalence is Cruz-Uribe's observation, the second equivalence is proved in 
Section 4, and the last equivalence is proved in Section 3. While we cannot answer Conjecture 
1.1, we will present a counterexample to the extended Sarason conjecture 1.15 for Bergman 
space in Section 5. Section 6 is devoted to an application to the proof of sharp estimates for 
one-weighted Bergman projection. 

Sufficient conditions for the boundedness of Toeplitz products in the style of the so-called 
bump conditions can be found in [44] and in [31]. In spite of the formal similarities, the 
problem of the Hardy space and in the Bergman space setting, the problem is quite different 
in both settings. Interestingly, the situation in the Bergman space is partly easier and partly 
more difficult to analyse than the one in the Hardy space. 

It is easier, because cancellation plays much less of a role with the Bergman kernel, as 
already apparent from the equivalence of (1.9) and (1.10). Our strategy is thus to replace 
Pb by Pg in (1.17), and to use two-weight techniques for positive operators in Section 3, via 
a suitable dyadic model operator introduced in Section 2. It is not difficult to see that P B 



SARASON CONJECTURE ON THE BERGMAN SPACE 5 

cannot be replaced by Pg for general weights w, a on D. However, somewhat surprisingly, 
it turns out that this is possible for the weights -pW, \f\ 2 in (1.6). This is the equivalence 
of (2) and (3) in Theorem 1.18, which will be proved in Section 4, and allows us to finally 
characterise the boundedness of Toeplitz products in Bergman space in terms of test function. 
On the other hand, the special role played by weights coming from analytic functions, 
which we exploit in Section 4 and which is in contrast to the situation on the Hardy space, 
makes it much more difficult to find a counterexample of the Sarason Conjecture on Bergman 
space (1.2). We prove a counterexample to the extended Sarason conjecture 1.15 in Section 
5, and discuss its proximity to a possible counterexample for (1.2). 

2. A DYADIC MODEL FOR THE MAXIMAL BERGMAN PROJECTION 

In this section we aim to find a dyadic operator that models the behaviour of the maximal 
Bergman projection. To be precise, we find a dyadic averaging operator that is pointwise 
comparable to the maximal Bergman projection. 

The use of translations of a dyadic system to extend results from a dyadic setting to a 
continuous one is a well known tool. These ideas go back to the work of Garnett and Jones 
[15], Christ [7] and also Tao Mei [30]. In our case, we will use two of these dyadic systems to 
recover the maximal Bergman kernel from dyadic operators. 

For p E {0, 1/3}, we define 

V? := J [2- j 2irm + 2tt-, 2- j 27i(m. + 1) + 2tt-) : m E N, j E N, j > 0, < m < 2 j \ . 

The key fact is that any interval in the torus is contained in one interval belonging to these 
two families of dyadic grids, moreover the measure of the two intervals is essentially the same. 
We formulate the result below. Its proof is a well-known exercise that the reader can find in 
many places, e.g. [30]. 

Lemma 2.1. Let I be any interval in T. Then there exists an interval K E V 13 for some 
(3 E {0, 1/3} such that I C K and \K\ < 6|/|. 

We define the family of dyadic operators that will control the maximal Bergman projection 
(1.11) as the following. 

Definition 2.2. Let T>^ be one of the dyadic grids in T described above. For all z,£ E D, 
we define the positive dyadic kernel 



(2.3) Kfi{z,t-):=Y, 



W*)M0 



where Qi is the Carleson box associated to /, namely 
(2.4) Qi := {re i0 : 1 - 1 1\ < r < 1 and e ie E I}, 
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and \I\ stands for the normalized length of the interval. Associated to this kernel we define 
the following dyadic operator 



(2.5) ^/(20:=£</,t2§>M*)- 



The following proposition proves the relation between the kernels (2.8) and the dyadic 
kernels described in (2.3). 

Proposition 2.6. There exist constants C and C such that for every f3 6 {0, 1/3}, every 
f G L\ oc and z G D, 

(2.7) CP*f(z)<P+f(z)<C Y, **/(*)• 

/3G{0,l/3} 

where Pg zs t/ie maximal Bergman projection as defined in (1.11) and P 13 the dyadic operator 
described in (2.5). 

Proof of Proposition (2.6) . Let K(z, £) denote the kernel associated to the maximal Bergman 
projection, i.e., 

(2.8) K{z,£) 



l-z£\ 



Then it is enough to prove that there exist constants C and C such that for every (3 and 
every z, £ in © we have the following estimates on the kernel, 

(2.9) CK*{z,{)<K(z,t)<C Yl **(*>£) 

/3e{0,l/3} 

Let us first prove the left hand side of (2.9). We consider z = r o e t0 ° and £ = Soe" 1 " . 
Without loss, we can assume that ro < So- We choose Jo £ 22 to be the minimal interval 
such that | Jo | > 1 — r and e t6 °, e l(po G Jo- Then, it is easy to see that z, £ G Q/ . It could 
be that such an interval doesn't exist, in that case the inequality is trivially true. From 
z,(G Qi we can deduce 

v- i[) ) 2^ ijj2 ~ 2^ jjp - G r^p' 

/gD/3 ' ' I,ibC/ ' ' ' U| 

To conclude the proof of the left hand side, we need to show 

(2.11) |l-z£T<C|Jo| 2 , 

for some uniform constant C. We can write |1 — z£\ 2 as 

(2.12) |1 - z£\* = (1 - r s o y + 4r oSo sin 2 (^^). 
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We distinguish two cases, when (1 — r s ) 2 is the majorant term, and when 4r s sin 2 ( °~ (f0 ) 
is the majorant. 

(1) Case 1. If (1 -r s ) 2 > 4r s sin 2 (^^), then 

|l-^| 2 <2(l-r s ) 2 <8|/o| 2 , 

as desired. 

(2) Case 2. Suppose on the contrary that (l-r s ) 2 < 4r s sin 2 (^^). Since e ie °, e iipo G 
Jo, we know that |io| > |$o — Vol- Then 

|1 _ z £|2 < 8roSosin 2(^Z^) < 2\9 - (^ | 2 < 2|J | 2 , 

as desired. 

Therefore we have concluded the proof of the left hand side of (2.9). We now turn to the 
right hand inequality in (2.9). Once again let us fix z,£ G D, and write them as before as 
z = r e ie ° and £ = s e iipo . 

It is enough to prove the existence of an interval Iq in T such that z, £ G Qi and |Jo| 2 — 
|1 — z£\ 2 . If such an interval exists, by Lemma 2.1, we find K G T>^ for some (3 G {0, 1/3} 
such that Iq C K and \K\ < 6|/o|- Now the proof of the proposition follows from the set of 
inequalities below: 

1 < l 



|l-z£| 2 ~ |/ r |2 



< 



< 



o| 
1 



36|i^| 2 



^E 



/ex'' 3 

Kd 

< c y, #W)- 

/3G{0,l/3} 

Thus we have reduced the problem to prove the existence Iq interval in T such that z, £ G 
Qi and |/o| 2 — |1 — z ^\ 2 - Notice than in the normalized arc measure | • |, we will always have 
|#o — Vol < 1/2, and since | sinx| ~ |x| for \x\ < ir/2, we have 

(2.13) |1 - zi\ 2 ~ (1 - r s ) 2 + r s \9 - (p \ 2 ~ (1 - r 2 ) 2 + |0 O - Vo| 2 - 

by (2.12). Let us choose Jo to be a minimal interval such that 

|/ | 2 = max((l-r 2 ) 2 , |0 O - Vo| 2 ) 

and e ie °,e l</, ° G I . It is easy to see that z, £ G Q/ - We have to prove that |J | 2 ~ |1 — z£| 2 . 
But this follows directly from (2.13). 

This finishes the proof of the proposition. 
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□ 

3. TWO WEIGHT ESTIMATES FOR THE MAXIMAL BERGMAN PROJECTION 

In this section we establish two-weight estimates for the maximal Bergman projection. 
We start by providing a two-weight characterization of boundedness for general dyadic pos- 
itive operators, to conclude the desired estimates for the maximal Bergman projection as a 
consequence of the dyadic result and inequalities (2.7). 

There are three equivalent formulations for two weighted inequalities that we will use in 
turn. A weight function will be an nonnegative measurable function on IR K , not necessarily 
locally integrable. Let w, v be weight functions in M n , let 1 < p < oo and p' its dual exponent. 
We define a := v 1 ~ p , which is usually called the dual weight of v. Let T be an operator. 
Then the following are equivalent: 

(3.1) T : L p (v) h+ L p (w) 

(3.2) T(a-) : L p {a) ^ L p {w) 

(3.3) w 1/p T(a l/p ' ■) : L P ^L P . 

In this section we will mostly use (3.2), although for the Sarason problem, (3.3) is more 
natural and will frequently appear. 

Throughout this section, we will denote the expectation of a function / over a cube Q by 

EqI/I, 

and the expectation of a function / over a cube Q with respect to a weight a will be denoted 

by 

EqI/1" 
We consider a dyadic grid in M n and denote it by T>. The class of operators we are interested 
in are dyadic positive operators of the form 

(3.4) T(/):= X>q(Eq|/|)1q, 

QeV 

where tq is a sequence of nonnegative scalars and 1# indicates the characteristic function on 
the set E. 

Given two weights w and a, we aim to characterise the boundedness of the operator T in 
the two-weight setting. More precisely, we state the question as follows: 

Question 3.5. Characterize the pairs of weights w and a for which 
(3.6) T(w) : L p (w) ^ L p (a) is bounded. 
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The following theorem provides an answer to this question. In this precise form, it is due 
to Lacey, Sawyer and Uriarte-Tuero [24]. We present a simplified version of their original 
proof. Our proof can also be adapted to the disc, with the Carleson cubes associated to a 
dyadic grid in T as the dyadic family. 

Theorem 3.7. Let w,o~ be two weights and let T be a dyadic positive operators as in (3.4). 
Then 

(3.8) T{w) : L p {w) H- L p {a) 
is bounded, if and only if 

(3.9) \\T(wl Q )\\l P{(T) <C w(Q), 
and 

(3.10) ||T*(<rl Q )||^ (M) <CS<r(Q), 

for all Q dyadic cube in T>, and constants Cq and Cq independent of the cubes Q. Moreover, 
there exists a constant c independent ofT and w, a, such that 

\\T(w)\\ L p(w)-+Lp(<t) < c(C + Co). 

Remark 3.11. In fact, one needs only weaker testing conditions in order to get boundedness 
of the operator, namely, (3.9) and (3.10) can be replaced by 

(3.12) \\T in!Q (wl Q )\\ p LP(a) <C w(Q), 
and 

(3.13) \\T* n>Q (o-l Q )\\ p LPH < C* o-(Q) 

respectively, where T in Q := 2_. r p(^p|/l)lp- The use of these weaker testing conditions 

Pev 

PcQ 

(3.12) and (3.13) can be traced in the proof of Theorem 3.7 below. 

The characterization in terms of testing conditions for dyadic positive operators in M n was 
provided by Lacey, Sawyer and Uriarte-Tuero [24], based on previous work of Eric Sawyer in 
the continuos case [38,39]. In a recent paper [41], Treil was able to simplify their argument. 
Our contribution aims to further simplify Treil's latest proof, we use one discretizing proce- 
dure (the Corona decomposition in subsection 3.1), and we avoid the appeal to the Carleson 
Embedding theorem. 

Let Aw denote the weight obtained from w by averaging 

Aw = y, Et i (w1t i )1tj 

/ interval 
7CT 

Remark 3.14. The boundedness of 

T{w) : L p {w) ^ L p {a) 
depends only Aw and Act. 
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3.1. A Corona Decomposition. For now and throughout this section, we will assume 
without loss of generality that the function / is positive. 

Definition 3.15. Let Qq be a cube in T> and let T> be a family of cubes contained in Q . 
Let w be a weight in M. n and let / be a positive locally integrable function. We define 

C(Q ) = {Q G V : Q is a maximal cube in V such that E£|/| > 4E$J/|}. 

We define 

£o := {Qo} 

recursively 

A := U LeA _ 1 £(L). 

We will denote the union of all the stopping cubes by £ := U.j>oA- We notice that we could 
also define the starting family £ Q as a union of disjoint maximal cubes and repeat the above 
construction in each one of the cubes in £ . Given Q G T>q, we define X(Q) as the minimal 
cube L G £ such that Q C L and V(L) := {Q G V : X(Q) = L}. 

We consider now the dyadic Hardy-Littlewood maximal function in its weighted form. For 
a weight w, we define 



(3.16) M w f(x) = sup — rp-r / \f\wdm, 
Q&vw(Q) J Q 



where dm stands for the Lebesgue measure in W 1 . The following result is a well-known 
classical theorem. 

Theorem 3.17. 

(3.18) \\M w f\\ LP ( wdm ) < C\\f\\i,p(wdm) 

where the constant C is independent of the weight w. 

The stopping cubes in Definition 3.15 provide the right collection of sets to linearise the 
dyadic Hardy Littlewood maximal function described in (3.16), i.e., we have the following 
pointwise estimate: 

(3.19) ^2(El\f\)l L (x) < M w f(x) forallxeM". 

£ 

The proof of (3.19) is an exercise. Suppose x is not contained in any of the cubes of the 
starting collection £ Q , then the left hand side is zero, and the inequality is trivially true. 
If, on the contrary, x G Qq for some Qo £ £o, there exists a stopping cube V G £ with 
minimal side length such that x G L' . We also know that the expectations are increasing 
geometrically, i.e., 

E£|/| > 4Ef |/|, for all L, L G £, L C L, 
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therefore 



j2n\f\<Ez\f\<M w f(x) 



Lee 

concluding the proof of (3.19). 

An application of (3.19) and Theorem 3.17 provides the following useful inequality: 

(3.20) ;jT(E-|/|)ML) < Wfh^m) 
Lee 

3.2. Proof of Theorem 3.7. 

Proof. We are now ready to prove the main theorem in this section. We will assume there 
is a finite collection of dyadic cubes Q in the definition of the operator T, and we will prove 
the operator norm is independent of the chosen collection. So from now on 

Tf= J> Q (E Q /)1 Q 

QeQ 

It is enough to prove boundedness of the bilinear form (T(wf),ga), where < / G L p {w) 
and < g G LP (a). Following the argument in [41], we seek an estimate of the form 

(3.21) (T(wf),ga) < A\\f\\ LP{w) \\g\\L P > { <r) + S||/||^ (to) . 

We first divide the cubes in Q into two collections Q\ and Q2 according to the following 
criterion. A cube Q will belong to Q\, if 

(3.22) (E^f) P w(Q)>(E" Q g) p 'a(Q) 1 

and it will belong to Q2 otherwise. This reorganisation of the cubes allows us to write 
T = T\ + T 2 , where 

Tif= £>q(Eq/)1q, z = l,2. 
QeQi 
The idea of writing T as the sum of T\ and T2 was already present in the work of Treil [41] 
and previously in the work of Nazarov, Treil and Volberg [34]. 

We will prove boundedness of T\ using the testing condition (3.9). The boundedness of T 2 
can be proven analogously to 7\, only using (3.10) this time. 

{Ti(wf),ga) = ^2 r Q E Q (fw)(ga,l Q ) 
QeQi 

= EE T Q E Q (fw)(ga,l Q ) 

L£CQeT>{L) 

= ^2(T L (wf) 7 ga), 

Lee 
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where £ is a collection of stopping cubes in the family Q 1; to be specified below, and T L f = 
^2q£V(l) T Q^Q(f)^Q- To find the collection of stopping cubes C, we define £ as the collection 
of maximal cubes in the family Q 1; and follow the Definition 3.15 for given / and w to define 
£, with (Qi) as our family of dyadic cubes. 
We are going to estimate the bilinear form 

(3.23) £(T £ (u;/),<7<r), 

Lee 

but before doing this, let us look at the norm of Tl,. We claim that 

(3.24) \\T L (wf)\\ p LP{a) < C^{Wi{f)Yw{L). 
This is easily verified by 



\T L (wf)\\ P LP{a) || E T Q E Q(f w ) 1 Q\\ P L>(<, 

\Q\ 



) 

QeT>(L) 

E W (Q) „. y?w(f\-\ iip 
-\Q\- T Q*'Q\J) i -Q\\lfi{f,) 

QeV(L) 

Wi V - 

\Q\ 



QeV(L) 

< ± P (K(f)) P \\T(wl Q )\\l P(a) 

< 4 p C (E w L (f)) p w(L), 

where in the first inequality we have used that Q G T>(L) are not stopping cubes, and in the 
last inequality, the testing condition (3.9). 
We now estimate (3.23). 



(3.25) ]T< T ^/)>^> = E f T L (wf)(x)g{x)a(x)dx = (I) + (//), 

T r~ r J r- r ■J 



LeC LeC 

where 



and 



W = EE/ m T L (wf)(x)g(x)a(x)dx, 

i L££ t JL \ U L>eC l+1 L 
L'cL 

( /J ) = E E / T , T L (wf)(x)g(x)a(x)dx. 

L'cL 

We proceed to estimate (I), 






( J ) < E Z^W T L(f W )\\LP(a)\\g'i-L\U LleCi+l L'\\ L p' i(T) 

i LeCi L'cL 
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\ 1 /p / \ w 

v i Led / V » Led L'cL / 

\LeC J 

< C r o||/||j>(io)|b||LP'( (T ), 
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where in the first two inequalities, we have used Holder's inequality, and in the third one 
we have used the testing condition (3.9) and the fact that U$ ^lcc, L \ Ll L > eCi+1 L' forms a 

L'cL 

partition of the maximal cubes in £ Q . For the last inequality, we have used (3.20). 

We now turn to (//). Before we proceed with the estimate, let us note the following 
remark. 

Remark 3.26. Let L G £ be fixed, then the operator T^fw) is constant on L', where V G 
£, 11 C L. We will denote this constant by Ti,(fw){L'). 

Taking this remark into account, we get the following estimates for fixed Ig£;: 



/ 



Tl(w f){x)g{x)a{x)dx 



L 6£i+i ' 
L'CL 



Y] T L (fw)(L') / gadx 

L'CL 

T [ T L (fw)(x)(El,g)a(x)d 



L CC{+\ 
L'CL 



I 



T L (fw)(x) 



< \\T L {fw)\\ LHa 



J2 E L>M 



\ 



L s£i+i 
L'cL 



a(x)dx 



M 



E E l'9^L' 



L'cCi+\ 
L'CL 



LP' (a) 



( 



\T L {fw)\\ LP{a 



M 



\ 



W 



J2 WbgYoM 



\ 



L s£i+i 
L'CL 



J 
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/ 

< ACoE^lflwiLy/P 



\ 



i/p> 



J2 (kj) p w(l') 



V 



L s£i+] 
L'cL 



J 



where we have used Remark 3.26, Holder's inequality, (3.24) and the hypothesis (3.22) 
We now proceed to sum the previous estimates in L to obtain the desired bound for (//). 



/ 



L 

/ 



i Le£i 



L G£t + 1 

\ L'CL 



J 



< [J2™\y w ^ 



i/p 



vLG£ 



\ 



1/p' 



EE E (^f)ML') 



\ 



i Lad L'eC i+1 

L'CL 



/ 



< 



LP(w)\\J \\ L p(w) ~ II/IIlp(w)- 



Adding (J) and (//), we get the desired estimate (3.21). 



□ 



We now turn to the two weight characterization for the case of the maximal Bergman 
projection Pg and its associated dyadic model P&. We start with P 13 . One can state the 
following theorem. 

Theorem 3.27. Let V 13 be a fixed dyadic grid in T and let P^ as defined in (2.5). Then 

P p (w) : L p (w) -)- L p (a) 

is bounded, if and only if 



(3.28) || J2 («*9x„, T^>l«Jk W " C^Q'o), 



lev? 
iclo 



and 



(3.29) || £ (°lQv T^Qjiv) < <%°{Qio)> 



ICI 



for all I dyadic interval in T>^ , where Qi represents the Carleson box associated to I and the 
constants Co and Cq are independent of the intervals I. Moreover, there exists a constant 
c > independent of the weights, such that 



\P p \ 



w- 



\LP(w)P->LP(a) 



< c(C + cr 
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The proof of Theorem 3.27 in the disc D is identical to the one we describe in Theorem 3.7. 
In the case of the disc, our dyadic system will be described by the Carleson cubes associated to 
the intervals in the dyadic grid T>^ in T. The boundedness of the weighted Hardy-Littlewood 
maximal function over dyadic Carleson cubes in the disc will be used instead of Theorem 
3.17. We will also consider the testing conditions (3.12) and (3.13). The details of the proof 
are left to the reader. 

We obtain the following corollary, which presents a two weight characterization for the 
maximal Bergman projection. 

Corollary 3.30. Let Pg be the maximal Bergman projection in the disc D, let 1 < p < oo 

and p' its dual exponent and letw,o~ be two weight functions. Then 

M wl/p P+M al/p , : L?(B) -> L P (D) 
is bounded, if and only if 

(3.31) \\M wl/p P^M al/p/ (l Ql cr 1/p )\\L Pm < Co||1q^ 1/p ||l,(d) 
and 

(3.32) \\M al/p/ P^M wl/p (l Q y^')\\ LP , m < C*\\l Q y/ p '\\ Lplm , 

for any interval I in T, where the constants Cq and Cq are independent of the choice of 
interval. 

Moreover, there exists a constant c > independent of the weights, such that 

\\M wl/p P+M al/p/ \\ L2 ^ L2 < c(C + C*). 

As in the introduction, the operators Mh stand for the operator of multiplication by the 
symbol h. 

Proof. We only have to prove one direction. By the first inequality in (2.7), the testing con- 
dition (3.31) and (3.32) imply the corresponding testing condition for each P 13 , and therefore 
the uniform boundedness of all Pp by Theorem 3.27. The second inequality in (2.7) now 
implies the boundedness of M w i/ P P^M al/p / with the required norm bounds. □ 

We note that the positivity of Pg and the left hand-side of (2.7) are crucial here to recover 
the non-dyadic case from the dyadic one. This advantage is not present in the case of 
cancellative operators such as the Bergman projection itself. 

4. P AND P + ARE EQUIVALENT 

Given f,g E L 2 (D), we denote as before 

b, a = mwBW(\f\*)(z)B 1 '*(\g\*)(z). 

Theorem 4.1. Let f,g G A 2 (D). Then TfT* is bounded on A 2 (D) if and only if the operator 
Pf defined by 

JO |1 — (,£| 
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is bounded on L 2 (D). 

For the proof of the theorem, we need some preliminary estimates and begin with a com- 
pletely elementary lemma which will play the key role in our argument. 

Lemma 4.2. For z, ( G D we have 

i _ lz_ { i-KI 2 



li-C^I 2 (i-C^) 2 (l-C^)li-C^I 2 

lz i-K| 2 , (i-KI 2 ) 2 



Ro- 



il -C^) 2 2\l-(z\ 2 2|l-C^| 



1 



Proof. Let w = (z G D, and note that 

112 1 

-Re- 



(1 — to) 2 |1 — w\ 2 (1 — w) (1 — w) 

1 1 _ l+w 

-Re- 



(1 — w) (1 — w) 1 — w ' 

and the first identity follows from Re^f = ,~_™ L . For the second, we just take the real part 
on both sides of the first and use Re-r^— = | + n ,7 W . □ 

1— iu 2 2| 1 — it; |-^ 

The next two lemmas deal with estimates for integral operators whose kernels are involved 
in the identities above. 

Lemma 4.3. For f,g G A 2 (B>), u G L 2 (D) and z G D let 
Clu(z) = \f(z)\ f \g\u{Q^f-dA{Q , 

C/X^) = i/o)l / i^k(c) (1 ~|f )( -!~ lc|2) ^(o , 

Jo |i — <s^i 

c? 1*0) = 1/0)1 /"bKO — -~ ICI _ dA(c), 

C/>0) = 1/0)1 / \9W0 { }~ l f^ dA(() . 
Jo |i — (,^1 

TTien /or j = 1,2 

l|C>ll2 <0/JM| 2 . 

Moreover, for any measurable set E C © 

ll/^ 3 „1 II < II P+ „1 ll 1 / 2 /! 1 / 2 II ^,1 ll 1 / 2 
||G /)ff gfl£;||2 ^ Hi-y^lslb b fg \\gi E \\2 > 

and 

\\Cl g gl E \\ 2 <b f Jgl E \\ 2 . 
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Proof. By the Cauchy-Schwartz inequality we have 

\Clu(z)\<\f(z)\B l / 2 (\g\ 2 )(z)\\u\\ 2 <b f Ju\\ 2 . 



Similarly, 



so that 



2/1 IAI2N2 \ 1/2 



\Cl g u{z)\ < \f(z)\B^ 2 (\g\ 2 )(z) ( ! K0 ' (1 ' Cl } dA(C)) 

||c? *" |B - " 2 '-> I (L |u(c |f-f,f l ' ) ' ,M(c) ) dA{z) ~ °j>»> 

by a standard estimate for integrals (see for example page 10 in [16]). Another application of 
the Cauchy-Schwartz inequality shows that it will suffice to prove the estimate for Ci since 

\Cl g u{z)\ < (P+ g u(z))V 2 Cl /2 u(z) . 

This follows essentially the argument in [1] (proof of Lemma 3.1). Use the inequality |1 — 
Xw\ < |1 — zw\ + |1 — Xz\ to obtain 

l|C/,P»lll < 

|/ W |» l^ A )ll^ 1 -l A l''^-H'»' < iA(A)^M < M W 

<i I f i/Mr |g " (A)l|g ! (m f l : 1 |A|2 r' 1 4 " klT ^(A)^w^ ) 

|1 — Aw| 4 |l — ,zA| 4 
|1 — Aw| 4 |l — zw| 4 

l /(z) ,2MA)IM^(i-|A| 2 ) 2 (i-kl 2 ) 2 dA(A)dAHdA(z) 

|1 — Atf| 4 |l — zw\ A 
B{\f\ 2 ){w)\gu{w)\ ^ l(1 _" ,' A|2)2 ^(A)rfAH . 






D ./B 





-Aw;| 4 



When u = gv the inequality |g| 2 i?(|/| 2 ) < b 2 q together with the standard estimate for 
integrals mentioned above yield 

\\Ci g9 v\\ 2 ^ h lM\oo\\9 2 vh: 

and choosing v = \e the result follows. □ 

In what follows we shall use the well known complex differential operators d = J^ , d = J= . 
Let us also note that if /, g G A 2 (B>) and TfT* is bounded on A 2 (IED) then it is bounded on 
L 2 (B) with the same norm, since for u G L 2 (D) we have 

T f T* g u = T f T;Pu , 

where P is the Bergman projection. 
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Lemma 4.4. For f,g G A 2 (D) with /(0) = 0, u 6 L 2 (D) anrfzGD Zet 



Jo 1 -On 



|i-C*l 

and let 

Tm(z) = -ifa(z) - (1 - \z\ 2 )dRu{z) , Su^) = Ru{z) - ± l ^^ddRu{z) . 

At — 

Then 

\\fTgl E \\ 2 < (\\T f T;\\ +b ftg )\\gl E h + ll^^llf O^llf , 
and 

\\fSgl E \\ 2 <(\\T f T;\\ + b Lg )\\gl E \\ 2 , 
for all measurable sets £cD. 

Proof. Rewrite the first identity in Lemma 4.2 as 

i _ C + i-KI 2 , (i-KI 2 K 



z\l-(z\ 2 (l-_Czy z\l-(z\ 2 {l-(z)\l-(z 

C , i-N 2 , (i-ICI 2 )? 



(l-O) 2 ^li-C^I 2 |i-C* 
, (i-KI 2 )CN 2 | (i-W 2 )C 



(l-^)li-C^I 2 (i-C*)|i-C*l a 

Let M be the operator of multiplication by the independent variable on L 2 (D), Mv(z) = 
zv(z). It is obvious that M is a bounded operator on L 2 (JD>). As it turns out it also satisfies 
a bound from below in some cases, namely, 

(4.5) \\v\\ L 2 m <\\Mv\\ L 2 m , 

and 

valid for all subharmonic functions v in D and all < r < 1. These estimates can be 
easily deduced from the subharmonicity of v. For a measurable function ZionD let <f>h{z) — 
h(z)/\h(z)\, when h(z) ^ 0, and 4>h{z) = 1 otherwise, and denote by U^ the unitary operator 
of multiplication by <ph on L 2 (D). Multiply both sides by \gu(()\, integrate on D w.r.t. oL4(£), 
and note that _ 

dRu(z) = [ ^ (C)I ^_ dA(Q . 

Using the above notations we obtain 

\f\Tu(z) = -\f\Ru(z) - (1 - \z\ 2 )\f\dRu(z) 

A/ 

= -(U f T f T;u;M*\u\)(z) + - z (CJJu\(z)) + M*{C l gj y\u\{z) 
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+ [M*MC\ g M*\u\){z) . 

If we let u = qIe then the first estimate in the statement follows directly by Lemma 4.3 
together with the fact that bf t9 = b g j and (4.6). The proof of the second estimate is similar. 
We rewrite the second identity in Lemma 4.2 as 

i _ Re C^_ + i - I j 2 + M 2 (i - ICI 2 ) , (i - ICI 2 ) 2 



|l-C^| 2 (1-C^) 2 2|1-C^| 2 2|1 — C^l 2 2|l-C-z| 

, (i-ki 2 )(i-icn(ici 2 +ici 2 ) (i-kiyici 4 

2\l-(z\ 4 2|1-C^| 4 ' 

multiply both sides by \gu(()\, integrate on D w.r.t. dA((), and note that 

(1 - \z\ 2 fddRu{z) = (1 - \z\ 2 ) 2 j |j7M(C) J IC|2 <M(C) . 



\l-Cz 
Thus with the notations above we have 

\f\Su{z) = -Re(MU f T f T;U* g M*\u\)(z) + \c) a \u\{z) + ^M*M(C) )g )>|(*) 

+ \cl g \u\{z) + l -{Cl g {2M*M)\u\){z) + 1((J - M*M)Cl g M*M\u\)(z) . 
If we let u = q\e then the result follows by another application of Lemma 4.3. □ 

With the lemmas in hand we can now proceed to the proof of our theorem. 



Proof of Theorem 4-1- Of course, the interesting part is to prove the boundedness of P 



f,g 



under the assumption that TjT* is bounded. By Corollary 3.30 it suffices to show that 

(4.7) \\PfJg\lQA\2 < \\\g\l Ql h , K/l/llQjaSIH/llQjIh, 

for all Carleson boxes Qi with / an interval in T. To this end, let us assume first that 
/(0) = 0, and that u e L 2 (D) is compactly supported. We shall focus our attention on the 
function 

(4.8) E(s) = (1 - \z\ 2 fdd{Pl g \u\)\z) - Re ( ^—^ ^P£ g \u\)\z)\ 

The standard growth estimate for Bergman space functions (see page 54 in [16]) shows that 
under our assumptions we can apply Stokes' formula and one of the Green's identities to 
conclude that 

/ E{z)dA(z) = I \P+Ju\) 2 (z)(dd(l - \z\ 2 ) 2 ) + Re (-0(1 - \z\ 2 )] dA(z) 
Jo Jo \ z J 

(P;ju\) 2 (z)(4\z\ 2 -3)dA(z) J 
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so that 

(4.9) [E(z)dA(z)< I ' (P;ju\)\z)dA(z) . 

Jo Jo 

With the notation in Lemma 4.4 we have {Pf q \u\) 2 = \f\ 2 R 2 u, and a direct computation 
gives 

d(P+Ju\) 2 = JfR 2 u + 2\f\ 2 RudRu . 

In the formulas below we will commit a convenient abuse of notation and write z also for the 
identity function on D. Use Lemma 4.4 to obtain 

-d(P+Ju\) 2 (z) = -J 7 (z)f(z)R 2 u(z)+2(l-\z\ 2 )\f\ 2 (z)dRu(z)dRu(z)+2\f\ 2 (z)Tu(z)dRu(z) . 

Obviously, (1 — |,z| 2 )|<9.Rit| < 2Ru, and dRudRu > 0, hence 

(4.10) Re ( (1 ~^ 2) d(P;ju\) 2 (z)\ < (1 - \z\ 2 )Re-J{z)f{z)R 2 u{z) 

+ 2(1 - \z\ 2 ) 2 \f\ 2 dRudRu + 4|/| 2 i?n|Tn| . 
Similarly, we compute 

dd(PfJu\) 2 = \f\ 2 R 2 u + ARefifRudRu + 2\f\ 2 dRudRu + 2\f\ 2 RuddRu . 
and apply Lemma 4.4 to obtain 

(4.11) (1 - \z\ 2 ) 2 dd(P;ju\) 2 (z) = (1 - \z\ 2 ) 2 \f \ 2 (z)R 2 u(z) 

+ 4(1 - |z| 2 )Re (-J 7 (z)f(z)R 2 u(z)\ + 2(1 - \z\ 2 ) 2 \f\ 2 (z)dRu(z)dRu(z) + 4\f\ 2 (z)R 2 u(z) 

- 4(1 - |z| 2 )Re (f(z)f(z)Ru(z)Tu(z)) - A\f\ 2 {z)Ru{z)Su{z) . 
From (4.10) and (4.11) we have 

(4.12) E > (1 - \z\ 2 ) 2 \f\ 2 (z)R 2 u(z) + 3(1 - \z\ 2 )Re (-J>{z)f{z)R 2 u{z)\ + 4\f\ 2 (z)R 2 u(z) 

- 4(1 - \z\ 2 )Re (J(z)f(z)Ru(z)Tu(z)) - A\f\ 2 (z)Ru(z)Su(z) - A\f\ 2 {z)Ru{z)\Tu{z)\ . 
Fix S E (|, 1) and use the inequalities 

8(1 - \z\ 2 ) 2 \f\ 2 {z)R 2 u{z) + 3(1 - |z| 2 )Re (^-J{z)f{z)R 2 u{z)^ > --^\ff( z )R\( z ) 
= -l 6 \f\ 2 (z)R 2 u(z) - ^\f\(z)Ru(z)C}Ju\ , 

(l-5)(l-\z\ 2 ) 2 \ff(z)R 2 u(z)-A(l-\z\ 2 )Re (f(z)f(z)Ru(z)Tu(z)) > --^— 5 \f\ 2 {z)\Tu\ 2 {z) , 
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that come from completing squares to conclude that 

E(*) > (4 - ^)\f?{z)R\z) - ^- 5 \f\\z)\Tu\\z) - 4\f\ 2 (z)Ru(z)Su(z) 



4\f\ 2 (z)Ru(z)\Tu\(z) - -^- 2 \f\{z)Ru{z)Cl g \u\{z) . 



9 

4<$fz| 

Now recall that \f\ 2 R 2 u = (Pt \u\) 2 , and use the previous inequality in (4.9) together with 
the Cauchy-Schwartz inequality and the estimates (4.5) and (4.6) to obtain 

qu 

+ 4||P; g H|| 2 || / Tn|| 2 + -||P+H|| 2 ||L7}Jn||| 2 , 

where k is the constant in (4.5). Now let u = g\ E for a measurable set E with ScD. By 
the last inequality and the lemmas 4.4 and 4.3 we have 

(4.13) (3 - ^)\\P;jg\l E \\l < (||T/r;|| + b f , g ) 2 \\gl E \\ 2 2 

+ \\P;j9\U\2(\\T f T;\\ +6 /)ff )||^|| 2+ \\P+ g \g\l E \\l /2 bf g \\gl E \\l /2 . 

Since (3 — ^) > 0, this immediately implies that 

\\Ptj9\iEh<(\\T f T*\\+b Lg )\\gl E \\ 2 . 

The assumption that E C D is easily removed by an approximation argument and Fatou's 
lemma, while the assumption /(0) = can be removed by another use of (4.5). Finally, 
the remaining estimate in (4.7) is obtained by interchanging / and g, so that the proof is 
complete. □ 

5. Counterexamples 

In these section we consider an example for which the Berezin condition (1.2) is satisfied, 
but for which the Toeplitz product TfT* and the corresponding two- weighted Bergman pro- 
jection, are not bounded. This does not provide a counterexample to the Sarason Conjecture 
1.1, as one of the symbols we are using is not analytic, but the example points towards a 
negative answer of the conjecture. This example motivated the search for a different type of 
characterization by means of test functions, namely the one in our main Theorem 1.18. 

Theorem 5.1. Let f(z) = 1 — |z| 2 , zGD. Then there exists a function g G A 2 such that 

su P B(\f\ 2 )(z)B(\g\ 2 )(z)<oc, 

but the operator TfT* is not bounded on A 2 (D), and the operator Pf^ g defined by 
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is not bounded on L 2 (D). In particular, the weights a~ 1 (z) = \g(z)\ 2 and w(z) = \f(z)\ 2 
provide a counterexample to the generalized Sarason Conjecture for the Bergman space, Con- 
jecture 1.15. 

Proof. Then standard integral estimates, see for instance page 7 in [16], immediately give 

(5.2) £(|/| 2 )(,)^(l-|z| 2 ) 2 log-4^ 

1 — \z\ l 

when z G D and \z\ is close to 1. Given g G L 2 (D), and taking into account that B(\f\ 2 ) is 
subharmonic, the Berezin condition (1.2) is equivalent to 

(5.3) sup(l - \z\ 2 ) 2 log —^—B(\g\ 2 )(z) < oo . 

z& l -\ Z \ 

The following result follows with the usual techniques. We include a proof for the sake of 
completion. As usual we denote the Carleson box based on the arc / C T by Qj, and the 
normalized length of / by |/|. 

Proposition 5.4. A function g G L 2 (D) satisfies (5.3) if and only if 

(5.5) f \ g \ 2 dA<-^, 
jQi lo § |7f 

for all arcs I C T. 

Proof. Assume that g G L 2 (D) satisfies (5.3), let I be an arc on T, and let z be the center of 
Qi. Then 1 — \z\ 2 ~ |/|, and for ( G Qi we have |1 — z(,\ — \I\- Thus 



I |2\2 

\z\ ) 



\og-^—B(\g\ 2 )(z)>log^[ \g\ 2 dA, 

1 - \ z \ Ml JQj 



which gives (5.5). 

Conversely, let z G D, consider 

A k (z) = D n {C G © : 2 fc (l - \z\ 2 ) <\l-z(\< 2 fc+1 (l - \z\ 2 )} , 

for each k > 0, and note that 

(i-ki 2 ) 2 iog-4^5(bi 2 )(^^io g -4^ e 2_4fc / w 2 ^ 



fe:2 fe (l-|z| 2 )<2 
fc:2 fe (l-|^| 2 )<2 V " -^fcW 

Clearly, each set Ak(z) is contained in a Carleson box Qj for some arc I which length is 
comparable to 2 fc (l — \z\ 2 ). Hence, condition (5.5) in the statement implies 

( lo S o fcn 2 |7m + fc ) / l^ ^ 1 + %ll2, 

^ I 1 - 1*1 J ./A fe (*) 

which in turn implies (5.3). D 
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Our next result concerns the boundedness on L 2 (D) of the operator Pf g defined by 



Jo 1 -CzY 



1-C*) 

As we shall see below, this is characterized by a strictly stronger condition. Recall that the 
Dirichlet D space consists of all analytic functions ZionD with 

\\h\\ 2 D = |/i(0)| 2 + [ \ti\ 2 dA<oc. 

Jo 

A positive measure fi on D is called a Carleson measure for the Dirichlet space D if 

/ ' \h'(z)\ 2 dfi(z) < \\h\\ 2 D for h E D. 

Jo 

It follows directly from the product rule that a function <p G P°°(0) is a multiplier of the 
Dirichlet space D, if and only if \<p'(z)\ 2 dA(z) is a Carleson measure for D. However, the 
classical paper of Stegenga [40], Theorem 4.2, provides an example of a function G H°°QD>) 
such that g — (/)' is contained in A 2 and satisfies (5.5), but <p is not a multiplier on D, and 
|g| 2 cL4 is consequently not a Carleson measure for D. 

The following characterisation of boundedness of the operators Pf j9 and TfT* thus finishes 
the proof of Theorem 5.1. 

Proposition 5.6. If f(z) = 1 - \z\ 2 for z e D and g G L 2 (I}), then T f T* and P f:9 are 
bounded on L 2 (3), if and only if \g\ 2 dA is a Carleson measure for the Dirichlet space. 

Proof. For every compactly supported u G L 2 (JD>) and for every v G L 2 (D), we have 

Jo Jo (1 - (z) 

It is well-known and easy to prove (see again [16] for details) that the operator 



. v(z)(l - \z\ 2 ) , .. , 

■ / (iUcV dA{z) 



v ^ i "*r ' ,' dA ^ 



is a bounded projection from L 2 (D) onto A 2 (D), hence 

v(z)(l-\z \ 2 ) 

Id (1-K) s 

is bounded and maps L 2 (3), and even A 2 (D), onto the Dirichlet space D. Then by the open 
mapping theorem, 

||P/ )ff ||£2_>.£2 = sxvp{\{Pf t9 u, v)\ : ||u|| 2 = ||f H2 = 1, u compactly supported in D} 

~ sxvp{\ {Pf t gU,v)\ : ||n|| 2 = IHI2 = 1, u compactly supported in D, v analytic} 

= \\ T f T g\\L^L^ 



24 A. ALEMAN, S. POTT, AND M.C. REGUERA 

is comparable to 

sup | / \g\ 2 \h\ 2 dA : h e D, \\h\\ < 1 

and the result follows. □ 

Finally we should point out that in the case when both / and g are analytic on D, the 
operators Pf t9 and TfTg agree on L 2 (D), and the boundedness of TfT-g on L 2 (B) and on 
A 2 (D) are equivalent, so that the above argument provides counterexamples to the generalized 
Sarason Conjecture 1.15 as well as to the boundedness of Toeplitz products. □ 

We do not know whether the above phenomenon persists in case / is analytic in D. Apart 
from / not being analytic in our example, \f\ 2 is also very far from being subharmonic on D, 
and subharmonicity of the weights seems to form a significant obstruction in the construction 
of counterexamples. 

6. The class B^ and sharp estimates in terms of the Bekolle constant 

In our last section we include an application of the two weight result for the maximal 
Bergman projection, namely we obtain sharp Bekolle estimates by establishing sharp esti- 
mates for the testing conditions (3.28) and (3.29). We provide sharper estimates than the 
ones discussed by Pott and Reguera in [3]. 

6.1. The class B^. Following Bekolle and Bonami [5], we say that a weight, i.e., a measur- 
able positive function w, belongs to the class B p for 1 < p < oo, if and only if 

(6.1) B p (w) := sup ( -J- [ wdA) ( -J- / w^'dA ) < oo 

/interval \\Ql\ JQj J \\Ql\ JQ, J 

Definition 6.2. We say that a weight w belongs to the class B^,, if and only if 
(6.3) B^iw) := sup — / M(wl Ql ) < oo, 

/interval W{LJl) Jq 

/CT 

where M stands for the Hardy-Littlewood maximal function over Carleson cubes. 

This definition of B^ is motivated by the Muckenhoupt version A^ described by Wilson 
in [45-47]. This A^ definition appears in the recent works of Lerner [28], Hytonen and Perez 
[21] and Hytonen and Lacey [20] among others, where it is used to find sharp estimates in 
terms of the Muckenhoupt A p and A^ constants. 

In particular, B^ contains any of the classes B p : 

Proposition 6.4. Let w be a weight and 1 < p < oo. Then 
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Proof. Let w G B p and recall that B p (w) = B p /(w'), where w' = w 1 ~ p . Hence for any 
Carleson cube Qj, 

M(l Ql w) < ( f M(l Ql wy'w>) P ( f w^ 

\JQi J \JQi 

l /p\n(r>r\ l /p 



= \\ m \\lp'(w>)->lp'( W i) w (Qi) < b p (w)^^w(Q i ), 

where we have used the estimate (4.7) from [3] for the maximal function in the last line. □ 

6.2. The sharp estimate. The main result in this section is the following: 

Theorem 6.5. Let w G B2 be a Bekolle weight with constant B^{w) and let P + be the positive 

Bergman projection. Then 

(6.6) \\P + f\\ L 2 iw) < C j B 2 ( W ;) 1 /2( jBooH i/2 + jBoo(u; -i ) i/2 ) || / || l2{u;); 

with C independent of the weight w. 

Corollary 6.7. The same result holds for the Bergman projection Pb- 

The method of proof will be as follows. We will consider the dyadic operators P? and use 
Theorem 3.27 to obtain the sharp bound in the Bekolle constants, which will be independent 
of the choice of the grid. An averaging operation will now yield the desired result. 

The following lemma is known in the case of Muckenhoupt weights if the collection of cubes 
appearing in the sum is sparse, this can be found in [21]. In our case, the lemma reads as 
follows. 



Lemma 6.8. Let a G B^, then 
(6.9) J2 <r(QK)<2B 0O {a)ff{Q I ). 



K-.Kd 

Proof. 



K-.KCI K-.Kd '^ ' 



< 



K-.Kd 



2 ^ w |Tid 



< 2 J2 [ M(al Ql )dm 

< 2B OQ (a)a(Q I ) 



□ 



We turn to proving the desired bound for the two testing conditions. 
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Proof of Theorem 6.5. We use Theorem 3.27 for the weights w and a = w' = w p ~ 1 . We only 
have to show the appropriate bounds for the test function conditions, and we will only focus 
on one of the conditions, as the study of the other is analogous. In what follows, let / e T>" . 
We want to prove 

(6.10) WPl^lQMl^) < B 2 {w)B 00 {w~ l )w~\Q I ), 

where the implicit constant does not depend on the chosen grid D? or the weight w. 



JQi K-.KrT 



2 

wdA 



f E ^-^.•w )2 m wdA 

J Q' K-.KCI I I I I 

W E E ^ l ^w\^'^^mk^ mdA 

•JQl k>- K'rJ K- KrK> 



K'.K'CI K.KCK 

D + 20D 



where the terminology for D and OD comes from the diagonal and the off-diagonal. Let 
us treat each term in turn. 



D y^ w 1 {Qk) 2 w(Q k ) 



\K\ 2 \K\ 

< B 2 (w) J2 w ~\Qk) 

K-.KcI 

< B 2 (w)B 00 (w- 1 ), 

where the last inequality follows from lemma 6.8. The off-diagonal term is equally simple, 

QD v^ v^ ur l (Q K ,) w - l (Q K ) w(Q k ) 

^ ^ \K'\ \K\ \K\\K'\ 



V^ ,,,-Vn ^ L V^ !MWnW|^ 

= 1^ w W') 7^712 zL -JkT2 \KV2~\ K 

K'-.K'CI ' ' K-.KCK' ' ' ' ' 

< B 2 (w) Yl w '\Qk')t^- 2 E l^ 2 ! 

K':K'CI ' ' K-.KCK' 

< CB 2 {w) Y, ™~\Qk>) 



K'-.K'CI 

< 2CBo(w)B^(w~ l \ 
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where in the second line we have multiplied and divided by \K\ 2 to use the Bekolle constant. 

□ 
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